We investigate the nature of the chiral phase transition in the massless two-flavor QCD using the renormalization group improved gauge action and the Wilson quark action on 32 3 × 16, 24 3 × 12, and 16
I. INTRODUCTION
The properties of quarks and gluons at high temperatures and the nature of the transition from the quarkgluon state to the hadronic state are key ingredients for understanding the evolution of the Universe. Yet, even the order of the chiral phase transition is still under debate. To make the discussions more transparent, let us consider the idealistic situation in which we have two massless quarks in the SU(3) gauge theory, and ask the question whether the finite temperature phase transition of the chiral symmetry is first order or second order. [1] - [7] Lattice QCD is probably the most reliable constructive formulation for the investigation of non-perturbative properties of quarks and gluons at the chiral phase transition point (see e.g. [8] for a review). In this article we investigate the chiral phase transition in the massless two-flavor QCD, using the renormalization group (RG) improved gauge action and the Wilson quark action with two degenerate quarks on 32 3 × 16, 24 3 × 12, and 16 3 × 8 lattices. The simulation itself may be a standard one, but we are going to employ a new method based on the renormalization group to investigate the long distance physics of the chiral phase transition.
The key idea is to test the RG scaling relation of the meson propagator. Based on Wilson's idea of RG, we derive the RG equation for the effective masses of mesons. The RG equation we derive contains only two relevant (including marginal relevant) operators (i.e. the gauge coupling and the quark mass), and the RG equation has an interesting scaling solution at the chiral phase transition if it is second order. Alternatively, when the chiral phase transition is first order, then we do not expect the existence of such a solution, or even the RG equation as it is may not hold because of the emergence of other relevant operators.
We show that effective masses calculated on the three lattices for the pseudo scalar (PS) mesons and vector (V) mesons agree with the predicted scaling relations in an excellent manner. While we cannot exclude the possibility that the behavior changes at the larger lattice size or in the thermodynamic limit, we argue that the numerically verified scaling behavior supports the claim that the chiral phase transition in the massless two-flavor QCD is second order.
The organization of the paper is as follows. After describing our setup in section 2, we revisit RG equations in section 3 and derive RG scaling relations in section 4. After giving the job parameters in section 5, we identify the chiral phase transition points in section 6. We show our numerical results with the verification of the scaling relation in section 7. The characteristic of the universal scaling curves is discussed in section 8. In section 9, the chiral phase transition temperature is estimated. Finally summary and discussion are given in section.10.
II. ACTION AND OBSERVABLES
We define continuous gauge theories as the continuum limit of lattice gauge theories, defined on the Euclidean lattice of the size N x = N y = N z = N s and N t . We impose an anti-periodic boundary condition in the temporal direction for fermion fields and periodic boundary conditions otherwise.
The continuum limit of QCD is taken at or toward a UV critical point (in this article we consider only the case where the UV fixed point is g 0 = 0 and m 0 = 0), with the lattice spacing a → 0 together with N s → ∞ and N t → ∞, changing the coupling g(a) in a such way that physical quantities with physical dimension such as hadron masses m H /a fixed. We may use the aspect ratio r = N s /N t and N = N t instead of N s and N t . In this article, we keep the aspect ratio r fixed when we change the lattice size. The necessary change of the coupling constant is governed by the renormalization group equation.
When N s and N t are finite, the formulation of finite temperature QCD on a lattice is equivalent to a Euclidean path integral defined on a discrete three dimen-sional lattice cite with a transfer matrix for a discrete time. However, at finite temperature we have to take the thermodynamic limit r → ∞ for interpretation of physical quantities at finite temperature.
Although our methodology can be applied to any gauge theories with fermions in arbitrary representation, we focus on SU (3) gauge theories with degenerate N f = 2 fundamental fermions ("quarks") in this article. We employ the Wilson quark action and the RG improved gauge action [9] . The theory is defined by two parameters; the bare coupling constant g 0 and the bare degenerate quark mass m 0 at ultraviolet (UV) cutoff. We also use, instead of g 0 and m 0 , β = 6/g 2 0 and the hopping parameter K = 1/2(m 0 a + 4).
We measure the plaquette and the Polyakov loop in each space-time direction, the mass of hadrons such as the pseudo-scalar meson mass m PS . The quark mass m q is defined [10] , [11] .as the large t value of m q (t) obtained through Ward-Takahashi identities by the ratio of thermal propagators=
where P (x, t) is the pseudo-scalar density and A 4 (x, t) the fourth component of the local axial vector current, renormalization constants being suppressed. This is also the same definition that we use in the zero-temperature lattice QCD. The quark mass m q thus defined does not depend on whether the system is confining or deconfining, and depends on only β and K up to order 1/N s and 1/N t corrections. The propagator is defined by
for the temporal one and
for the spatial one. H here stands for the channel, and in this article, we focus on the pseudo-scalar (H = P S) and the vector channel (H = V ), and we sometimes omit the subscript H in the following. We define the effective mass m(t) (or similarly m(x)) through
which reduces to
when boundary effects can be neglected. In the case of exponential-type decay the effective mass approaches a constant value in the large t regime, which we call a plateau. In our earlier studies Refs. [12] - [14] , we argued that there is a region where the propagator exhibits a powerlaw corrected Yukawa type decay when the quark mass is small on the 16 3 × 64 lattice (with aspect ratio r = N s /N t = 1/4). We observed the similar behavior for the aspect ratio r = 2 which is larger than unity in [16] . In this article, we mainly discuss the r = 2 case with the thermodynamic limit in mind.
III. RG EQUATIONS
Let us recall the RG equations on a finite lattice, which represent Wilson's basic idea [17] . In the vicinity of a critical point where the correlation length diverges, shortrange fluctuations can be integrated out while keeping the long distance behavior. When we change the size of the lattice, the action must be changed to keep the physics intact, but the key observation by Wilson is that near a critical point, it is sufficient to take into account relevant (including marginal relevant) operators. Now let us consider the case when the chiral phase transition is second order. The RG equation in the vicinity of the critical point is given [20] - [22] 
for the temporal propagator and
for the spatial propagator. The suffix s and t represents spatial and temporal, respectively. In the following we often suppress the suffix except when it is better to specify which we refer to.
Here n = (n x , n y , n z , n t ), and µ ′ = µ/s and N s ′ = N s /s, N t ′ = N t /s, and n ′ = n/s with s being the change of the scale under the renormalization. The UV renormalization scale µ in lattice theories is set by the inverse lattice spacing a −1 . Note N s a = L s and N t a = L t are kept constant. The relation between g ′ and g and m ′ q and m q are determined by the RG beta function B and the mass anomalous dimension γ:
and
To make the expression simpler, it is assumed that γ does not change very much as the ratio N ′ /N changes, which is always valid when we are at the RG fixed point, or when N ′ /N ∼ 1 even if we are not at the fixed point. With these caveats in mind, we are going to verify the RG equation numerically.
As a technical remark, we note that the RG equations (6) and (7) for the temporal propagator and for the spatial propagator define the same RG beta function and the mass anomalous dimension, since both are derived from the RG equation for the common two-point functions. However, the RG beta function B and the anomalous dimension γ may depend on the aspect ratio r and in addition the latter takes a different value for a different channel.
IV. RG SCALING RELATIONS
Our goal is to test the RG equation to study a long distance behavior of the meson propagator. For this purpose, let us rewrite the RG equation in a more convenient way. We first define the scaled effective mass by
suppressing µ. It reduces in the continuum limit N → ∞ to the form
Here τ = n t /N t . The variable n t takes 0, 1, 2, · · · , N t − 1 so that the scaled time always lie in the range 0 ≤ τ ≤ 1.
For the scaled effective mass, the RG equation takes the form
A. Solution at an IR fixed point
The RG equations (6) and (7) derived at the chiral phase transition point are also applied to the IR fixed point of conformal QCD at zero temperature. Let us consider when the theory is in the conformal window (N f * < N f < 16.5) at zero temperature. Suppose we are at an IR fixed point, then we have the fixed parameters g ′ = g = g * and m ′ q = m q = 0 so that B = 0 and γ = γ * in the RG equation Eq.(6). Hence, the propagator can be expressed by a simplified notation suppressing g = g * , m q = 0,
and the RG relation eq.(6) reduces tõ
Combining Eqs. (11) and (14), we derive the RG scaling relations for effective masses
at the IR fixed point. It means that the scaled effective mass does not depend on N as a function of τ . Therefore, the agreement of the scaled effective mass as a function of τ is a stringent test of the fixed point. We applied in Ref. [15] the scaling relation (15) in order to identify the IR fixed point for N f = 16, 12, 8, 7 in SU (3) gauge theories.
B. Solution at chiral phase transition
Let us assume that we are at a chiral phase transition point. The chiral phase transition point depends on the lattice size g (N ) , where the precise criterion to call the chiral phase transition point on a finite lattice will be discussed in section VI. Using the simplified expressioň
Eq. (6) reduces tǒ
Correspondingly, the scaled effective mass becomeš
as in the previous subsection, and we obtain the RG equationm
andm
Eqs. (19) and (20) are key scaling relations of this article, which are valid when the chiral phase transition is second order. Since the number of the parameters is reduced by setting g = g(N ), one may solve the RG equation aš
where
The distinct point of Eqs. (19) and (20) from Eq.(15) is that the coupling g is fixed in the former, while g moves according to the RG beta function in the latter. Nevertheless, the both (15) and (21) show the universal scaling behavior irrespective of N . Furthermore, while the RG equation does not say anything about the shape of the scaling curve F s (τ ), we will see the numerical result for scaled effective masses F s (τ ) at the chiral phase transition shows the very similar behavior to the one at the zero temperature in the conformal QCD.
When the RG equation is evaluated in the vicinity of the UV fixed point g 0 = 0 and m 0 = 0, the quark mass term is relevant and the gauge coupling is marginal. Along the RG trajectory from the UV fixed point to the IR critical point, the beta function possesses a zero at a certain value g = g * in the conformal QCD, at which the quark mass term is relevant and the gauge coupling is irrelevant. In the case of the chiral phase transition, it does not possess a zero, that is, the beta function is negative along the RG trajectory. The gauge coupling constant (or temperature) is relevant, and we have to tune it to obtain the criticality. More generally, we may consider an infinite parameter space of possible interactions H = g i O i and we may define the beta function β i (µ) for each coupling g i . By RG transformation the effective Hamiltonian possess many possible interactions like a four-fermion interaction. These operators are irrelevant operators at the UV fixed point and retain irrelevant at the chiral phase transition point. We have implicitly assumed that the number of relevant operators does not increase along the RG trajectory, which was at the core of the derivation of our RG equation.
In contrast, let us see what would happen if the chiral phase transition were the first order phase transition. Then, typically, we would expect an extra relevant operator that will induce the chiral symmetry breaking. The search for such an operator in the effective LandauGinzburg model was a key diagnosis for determining the order of phase transition in the study of Pisarski and Wilczek [1] . Accordingly, if this scenario is the mechanism of the first order phase transition, the assumption of our RG scaling relation is invalidated, and there is no generic reason to believe that the scaling relation that we proposed is observed.
V. JOB PARAMETERS
We perform simulations with two degenerate quarks on 32 3 × 16, 24 3 × 12 and 16 3 × 8 lattices to investigate the scaling of the effective masses of mesons. The algorithm we employ is the blocked HMC algorithm [18] . We choose the run-parameters in such a way that the acceptance of the HMC Metropolis test is about 70% ∼ 90%. The statistics are 1,000 MD trajectories for thermalization and 1000 ∼ 5000 MD trajectories for the measurement. We estimate the errors by the jack-knife method with a bin size corresponding to 100 HMC trajectories (see Table I ).
VI. IDENTIFICATION OF CHIRAL PHASE TRANSITION POINTS
The first task in our numerical simulations is to determine the chiral phase transition point on the parameter space K and β. For this purpose, let us discuss the nature of the chiral phase transition and its realization on a finite lattice. At high temperature the chiral symmetry is restored and the order parameter (i.e. chiral condensate) vanishes: ψ ψ = 0, while below the chiral phase transition temperature ψ ψ = 0. In the Wilson fermion formalism a properly subtracted ψ ψ can be defined via an axial Ward-Takahashi identity [10] 
where G PS (0, t) is the propagator of the pseudo-scalar meson.
A direct approach to identify the (would-be) chiral phase transition points in lattice simulations is to check whether the oder parameter of the chiral symmetry vanishes or does not. We should note, however, that there is no real phase transition on a finite lattice in this strict sense. The long-time average of order parameter is always zero in finite systems, and if we try to practically measure it over a finite time average, the change of the order parameter around the (would-be) phase transition will be rounded.
Rather than directly measuring the chiral condensate, we take the following alternative approach. Let us recall that the Banks-Casher relation [19] [20] states that the critical exponent η
is identical with the critical exponent of eigenvalue density of the massless Wilson-Dirac operator.
Based on this fact, we proposed the "on Kc method" [23] , which monitors the number of iteration of CG inversion" to determine the chiral phase transition points. In the chiral symmetry broken phase, η = 0 and it implies that the zero eigenvalues accumulate. Hence it is impossible to invert the Dirac-Wilson operator in the chiral symmetry broken phase, while in the symmetric phase there are no theoretical obstruction for the inversion albeit many iterations may be needed in numerical methods. We, therefore, proposed to identify the chiral phase transition as the point where we cannot invert the Dirac-Wilson operator to continue the numerical simulation.
Let us summarize our strategy in our setup. We first determine the hopping parameter K c for the massless quark from β = 2.3 to 3.0 (Table I ) Then we estimate the chiral phase transition points on the lattices of the three sizes: 32 3 × 16, 24 3 × 12 and 16 3 × 8 by using this "on Kc method", As mentioned above, on a finite lattice the phase transition is rounded and the change of the number of iterations is not as drastic as it would be in the thermodynamic limit. Therefore there is certain arbitrariness in the definition of the phase transition on a finite lattice. We adopt the following as our definition of the (would-be) chiral phase transition point. We begin with simulations on the massless lines of the 16 3 × 8, 24 3 × 24 and 32 3 × 16 lattices at some β (we take β = 3.0) which is apparently in the chiral symmetric phase and decrease β by a step ∆β = −0.1. As β decreases, the number of the iterations for the inversion of the Wilson-Dirac operator in molecular dynamics steps increases and the acceptance ratio decreases. Finally at some points we cannot continue the simulations without decreasing the molecular steps.
We identify such β's as the chiral phase transition points. Our simulation shows that these three points are:
• β * ≃ 2.8; K * = 0.1455 on the 32 3 × 16 lattice;
• β * ≃ 2.6; K * = 0.1480 on the 24 3 × 12 lattice;
• β * ≃ 2.3; K * = 0.1547 on the 16 3 × 8 lattice.
To double-check our criterion, we have also computed the chiral condensates on the K c in the chiral symmetric phase as given in Table 1 (25) vanishes and therefore the sum of the right sides also should vanish. If we can regardB is a constant around here, the consistency is automatically satisfied
Converting the result to the standard one,
12B we obtain the beta function B = −0.183 at β = 2.8 and −0.246 at β = 2.3. We curiously note that this number is close to the one-loop beta function of B = − 33−2N f 48π 2 g 3 .
VII. NUMERICAL RESULTS FOR RG SCALING A. spatial effective masses
Now let us show numerical results of the spatial effective masses measured at the critical points in Fig.1 . We plot the scaled spatial effective masses defined in eq. (10) in terms of τ = n s /N s in order to test the scaling relation (20) . We overlay the data on the three lattices of 32 3 × 16, 24 3 × 12 and 16 3 × 8. On the left panel we show the effective masses for the pseudo-scalar channel, while on the right panel we show those for the vector channel. We see that all data are excellently on the scaling curve except for three points at short distance (n s = 0, 1, 2) on each of the lattices. In particular, the scaling curve for both pseudo-scalar channel and the vector channel on the 32 3 × 16 and 24 3 × 12 are within one-standard deviation around τ = 0.4. The scaling curve for the vector channel on the 16 3 × 8 lattice is also almost within one standard deviation, while that for the pseudo-scalar channel on the 16 3 ×8 lattice is several standard deviations off the other two values. We interpret that the N = 16 is slightly small to regard it as N → ∞, in which limit the RG scaling relation holds strictly.
The deviation in short distance behavior is expected to be due to the finite lattice spacing effect. Since it probes the UV behavior, the short distance physics is more sensitive to 1/a corrections. We expect that the data at short distance will envelop the limiting scaling curve with increasing N t .
B. temporal effective masses
Next, let us discuss the temporal effective mass m t (n t ). The available data points are half of the spatial effective masses. Even in the case of the largest lattice we take, 32 3 × 16, the number of the data point is only 8. For the other cases they are 6 and 4 on 24 3 t × 12 and 16 3 × 8 lattices. Furthermore since the three points at short distance are affected by the lattice spacing effects, the effective data points we can use are 5, 3 and 1, respectively. Therefore we do not expect to see a clear scaling.
The data are shown in Fig.(2) . On the left panel we present the spatial effective masses of the pseudo-scalar channel, while on the right panel those of the vector channel. In the pseudo-scalar channel the difference between the 32 3 ×16 lattice and the 24 3 ×12 lattice is order of 1%, which is order of one standard deviation. The difference between the 16 3 × 8 lattice and the 32 3 × 16 lattice is of order 5%, which is of order several standard deviations. In the vector channel the differences are of order 2.5%. Although the clear scaling is yet to be seen, we find the tendency that the larger N curves will converge to the scaling curve.
VIII. SCREENING MASS AND POWER-LAW CORRECTED YUKAWA TYPE DECAY
As shown in the preceding section, we find that our numerical results on the three sizes of lattices are excellently on the scaling curves. In particular the data on the 32 3 × 16 lattice well represents the universal curve F s (τ ). Note the spatial scaling curve corresponds to the screening mass. It is time to ask the physical meaning of the shape of the scaling curve F s (τ ).
The renormalization group equation itself does not determine the shape of the curve, so it should contain the more detailed physics of the chiral phase transition. Fig.1 shows that the effective masses on the 32 3 × 16 lattice is monotonously decreasing and does not show a plateau up to the maximum point n s = 15 (with the periodic boundary condition). The asymptotic behavior of propagator G(n s ) in the limit n s → 15 is well represented by
We fit the data (from n s = 10 to 15) on the 32 3 × 16 lattice to the power-law corrected Yukawa type form. The results of the fit are shown with the data in Fig. 3 for the pseudo-scalar channel on the left panel and the vector channel on the right panel, respectively. The best fitting parameters arem = 0.314(6) and α = 0.80 (8) for the pseudo-scalar channel andm = 0.351(11) and α = 1.11 (11) for the vector channel. We present them in terms of τ = n s /N s (x-axis) and N s × m s (y-axis).
If we fitted the data with a constant assuming a plateau at n s = 14 and 15, we would get m = 0.366(1) and m = 0.429 (14) for the pseudo-scalar channel and the vector channel respectively. These are about 15 − 20% larger than the one estimated from the power-law corrected Yukawa type form.
In previous articles [12] - [14] , we pointed out that the propagators show the power-law corrected Yukawa type decay at zero temperature in the N f = 7, 8, 12 and 16 cases and at finite temperature N f = 2 case on a 16 3 × 64 lattice. There, we argued that the power-corrections to the exponential decay may be originated from the unparticle nature of the (conformal) fixed point in agreement with the holographic analysis. Based on this theoretical picture, we claimed that the power-law corrected Yukawa-type decay observed not only for the special aspect ratio r = 1/4, but for any aspect ratio. Our new results support this claim.
IX. CRITICAL PHASE TRANSITION TEMPERATURE
Before we conclude, let us estimate the chiral phase transition temperature T * given by 1/(aN t ). In order to fix the scale, a standard way we also apply is extrapolating the ρ meson mass (in lattice units) to the chiral limit and comparing it with the experimental value. The spatial lattice size should be the same as that of the finite temperature for a given β in a such way that the Hamiltonian in the three dimensional space is identical. While the lattice size N t should be large such that r = N s /N t = 1/4.
Due to the CPU time constraint, we focus on the case with the 16 3 × 64 lattice at β = 2.3. The gauge coupling constant β here is fixed by the chiral phase transition point for the 16 3 ×8 lattice that we determined in section 6.
The simulations are done at nine hopping parameters from K = 0.140 to K = 0.152 (from m q = 0.372 to m q = 0.067) listed in Table II . We fit the rho meson mass in the linear way m ρ = am q +c to obtain the vector meson mass in the chiral limit (more precisely; the physical point). [24] . See also the more recent review [25] and reference therein. However it is notoriously difficult to obtain the common value for the chiral phase transition temperature. It is important to perform a similar analysis on larger lattices and take the continuum limit carefully.
X. SUMMARY AND DISCUSSION
We have investigated the nature of the chiral phase transition in the degenerate two flavor QCD using the RG improved gauge action and the Wilson quark action on the 32 3 × 16, 24 3 × 12, and 16 3 × 8 lattices. We derived the RG scaling relations at the chiral phase transition point based on Wilson's idea by assuming that the chiral phase transition is second ordeř
Our numerical results show that three effective spatial masses for the pseudo scalar mesons and vector mesons excellently scale. While the number of the data points are small in the temporal masses to see a clear scaling behavior, the data are consistent with the scaling. The RG scaling relations are derived with the assumption that the chiral phase transition is second order, and there is no reason to hold if the chiral phase transition is the first order. Our results therefore support the claim that the chiral phase transition is the second order. Nevertheless, we are not able to exclude a possibility that accidentally the correlation length is very large in a first order transition.
The RG approach is very powerful in investigating the properties of the critical points. It is our future mission to verify the RG scaling relations on larger lattices such as 48 3 ×24 to see if the scaling relation persists in agreement with that the chiral phase transition is second order. In addition, it is important to derive critical exponents and compare them with the theoretically predicted ones to conclude the issue of the order of the chiral phase transition. In particular, the precise knowledge on the critical exponents will reveal whether the U (1) A symmetry is restored at the chiral phase transition point or not because the (non-)existence of the U (1) A symmetry affects the critical exponents.
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